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Abstract 

Conformal techniques are applied to the calculation of integrals on AdSd+i space 
which define correlators of composite operators in the supcrconformal field theory on 
the (i-dimensional boundary. The 3-point amplitudes for scalar fields of arbitrary mass 
and gauge fields in the AdS supergravity are calculated explicitly. For 3 gauge fields 
we compare in detail with the known conformal structure of the SU (4) flavor current 
correlator (JfjjjJf;) of the TV = 4, d = 4 SU(N) SYM theory. Results agree with the 
free field approximation as would be expected from superconformal non-renormalization 
theorems. In studying the Ward identity relating (JfO I J ) to (O i O j ) for (non- 
marginal) scalar composite operators O 1 , we find that there is a subtlety in obtaining 
the normalization of (O O ) from the supergravity action integral. 
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1 Introduction 



The fact that the near horizon geometry 0— [12] of typical brane configurations in string/M 
theory is the product space AdSd+i X S p with d+l+p = 10/11 has suggested an intriguing 
conjecture relating gauged supergravity theory on AdSd+i with a superconformal theory 
on its d-dimensional boundary Q. See also [13]— [17] for earlier appearance of this corre- 
spondence in the context of black hole physics and 32 j-jfr"5|] for recent relevant work on the 
subject. 

Precise forms of the conjecture |l]] have been stated and investigated in |2], [3|] (see also Q) 
for the AdS§ x S§ geometry of N 3-branes in Type-IIB string theory. The superconformal 
theory on the world-volume of the N branes is M = 4 SUSY Yang-Mills with gauge group 
SU(N) . The conjecture holds in the limit of a large number N of branes with g s t N ~ gy^N 
fixed but large. As N — > oo the string theory becomes weakly coupled and one can neglect 
string loop corrections; Ng s t large ensures that the AdS curvature is small so one can 
trust the supergravity approximation to string theory. In this limit one finds the maximally 



supersymmetric 5-dimensional supergravity with gauged SU(4) symmetry [18]— [2C] together 



with the Kaluza-Klein modes for the "internal" S$. There is a map Q between elementary 
fields in the supergravity theory and gauge invariant composite operators of the boundary 
J\f = 4 SU(N) SYM theory. This theory has an SU(4) flavor symmetry which is part of 
its N = 4 superconformal algebra. Correlation functions of the composite operators in 
the large N limit with <?y M iV fixed but large are given by certain classical amplitudes in 
supergravity. 

To describe the conjecture for correlators in more detail, we note that correlators of the 
N = 4 SU(N) SYM theory are conformally related to those on the 4-sphere which is the 
boundary of (Euclidean) AdS^. Consider an operator O(x) of the boundary theory, coupled 
to a source </>o(x) (x is a point on the boundary S4), and let e -1 ^^ ' denote the generating 
functional for correlators of 0{x). Suppose (j)(z) is the field of the interior supergravity 
theory which corresponds to O(x) in the operator map. Propagators K(z,x) between the 
bulk point z and the boundary point x can be defined and used to construct a perturbative 
solution of the classical supergravity field equation for <f>(z) which is determined by the 
boundary data (fto(x)- Let S c i[(p] denote the value of the supergravity action for the field 
configuration <fi(z). Then the conjecture @, || is precisely that VF[<?!>o] = S c i[(f>]. This leads 
to a graphical algorithm, see Fig.l, involving AdS 5 propagators and interaction vertices 
determined by the classical supergravity Lagrangian. Each vertex entails a 5-dimensional 
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integral over AdS 5. 

Actually, the prescriptions of |2[ and || are somewhat different. In the first [g], solutions 
0(z) of the supergravity theory satisfy a Dirichlet condition with boundary data (f>o(%) on a 
sphere of radius R equal to the AdS length scale. In the second method ||, it is the infinite 
boundary of (Euclidean) AdS space which is relevant. Massless scalar and gauge fields 
satisfy Dirichlet boundary conditions at infinity, but fields with AdS mass different from 
zero scale near the boundary like (f>(z) — > Zq~^<Pq{x) where zq is a coordinate in the direction 
perpendicular to the boundary and A is the dimension of the corresponding operator 0(x). 
This is explained in detail below. Our methods apply readily only to the prescription of ||, 
although for 2-point functions we will be led to consider a prescription similar to 

To our knowledge, results for the correlators presented so far include only 2-point func- 
tions |@, ||] jiqlpl, and the purpose of the present paper is to propose a method to calculate 
multi-point correlators and present specific applications to 3-point correlators of various 
scalar composite operators and the flavor currents Jf of the boundary gauge theory. Our 
calculations provide explicit formulas for AdSj+i integrals needed to evaluate generic su- 
pergravity 3-point amplitudes involving gauge fields and scalar fields of arbitrary mass. 
Integrals are evaluated for AdS^+i, for general dimension, to facilitate future applications 
of our results. The method uses conformal symmetry to simplify the integrand, so that the 
internal (d + l)-dimensional integral can be simply done. This technique, which uses a si- 
multaneous inversion of external coordinates and external points, has been applied to many 



two-loop Feynman integrals of flat four-dimensional theories [21, 22, 26]. The method 



works well in four flat dimensions, although there are difficulties for gauge fields, which 
arise because the invariant action F% v is inversion symmetric but the gauge-fixing term is 



not [ 21 1 . It is a nice surprise that it works even better in AdS because the inversion is an 
isometry, and not merely a conformal isometry as in flat space. Thus the method works 
perfectly for massive fields and for gauge interactions in AdSd+i for any dimension d. 

It is well-known that conformal symmetry severely restricts the tensor form of 2- and 
3-point correlation functions and frequently determines these tensors uniquely up to a 
constant multiple. (For a recent discussion, see |27j). This simplifies the study of the 
3-point functions. 

One of the issues we are concerned with are Ward identities that relate 3-point corre- 
lators with one or more currents to 2-point functions. It was a surprise to us this requires 



1 Very recently, a paper has appeared which computes special cases of 3- and 4-point functions of 
scalar operators. 
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Figure 1: Witten diagrams. 



a minor modification of the prescription of Q for the computation of (O i O j ) for gauge 



invariant composite scalar operators. 

It is also the case that some of the correlators we study obey superconformal non- 
renormalization theorems, so that the coefficients of the conformal tensors are determined 
by the free-field content of the M = 4 theory and are not corrected by interactions. The 
evaluation of n-point correlators, for n > 4, contains more information about large N dy- 
namics, and they are given by more difficult integrals in the supergravity construction. We 
hope, but cannot promise, that our conformal techniques will be helpful here. The integrals 
encountered also appear well-suited to Feynman parameter techniques, so traditional meth- 
ods may also apply. In practice, the inversion method reduces the number of denominators 
in an amplitude, and we do apply standard Feynman parameter techniques to the "reduced 
amplitude" which appears after inversion of coordinates. 



2 Scalar amplitudes 



It is simplest to work || in the Euclidean continuation of AdS^+i which is the Y—\ > 
sheet of the hyperboloid: 




(1) 



which has curvature R = —d{d + l)a 2 . The change of coordinates: 



a(Y + 



(2) 



1 




ds 2 
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We henceforth set a = 1. One can verify that the inversion: 



is an isometry of @. Its Jacobian: 

K 

dz„ 



(4) 



, Z fl Z V 



(5) 



has negative determinant showing that it is a discrete isometry which is not a proper element 
of the SO(d + 1,1) group of ([l]) and (|3|). Note that we define contractions such as {z 1 ) 2 
using the Euclidean metric 5^, and we are usually indifferent to the question of raised or 
lowered coordinate indices, i.e. z^ = Zu,. When we need to contract indices using the AdS 
metric we do so explicitly, e.g., g^d^d^, with g^ v = ZqS^. 

The Jacobian tensor obeys a number of identities that will be very useful below. 
These include the pretty inversion property 



Jfiv(x - y) = Jfi P (x')J pa (x' - y')J a u(y') 



(6) 



and the orthogonality relation 

The (Euclidean) action of any massive scalar field 

1 



S[<f>] = ~ / d d zdz y/g g^d^d^ + mV 



(7) 



(8) 



is inversion invariant if 4>{z) transforms as a scalar, i.e. 4>(z) — > cp'(z) = 4>(z'). The wave 
equation is: 

! _ , ( 9) 



^=3 M {yfggTdyt) -m?ct> = 



d 

dz 



-d+l 



d 

oz 



[zo,z 



d 



[z ,z) - m (p[zo,z) 







4^ 



(10) 



(z) as zq — > 0, 



A generic solution which vanishes as zq — > oo behaves like 4>(zq, z) 
where A = A + is the largest root of the indicial equation of (|l0|), namely A± = ^(d ± 
Vd 2 + 4m 2 ). Witten || has constructed a Green's function solution which explicitly realizes 
the relation between the field 4>(zq,z) in the bulk and the boundary configuration <j>o(x). 
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The normalized bulk-to-boundary Green's function^, for A > |: 

is a solution of ( JlOj ) with the necessary singular behavior as z$ — > 0, namely: 

z£- d K A (zo,z,x)^l-6(z-x) (12) 
The solution of (|To| ) is then related to the boundary data by: 

♦ h ' ii -&/ A (3+F? i r* M <i3) 

Note that the choice of i\A that we have taken is invariant under translations in x. 
This choice corresponds to working with a metric on the boundary of the AdS space that 
is flat R d with all curvature at infinity Thus our correlation functions will be for CFT^ on 
R d . Correlation function for other boundary metrics can be obtained by multiplying by the 
corresponding conformal factors. 

It is vital to the CFT ^/AdSd+i correspondence, and to our method, that isometries in 
AdSd+i correspond to conformal isometries in CFT^. In particular the inversion isometry 
of AdSd+i is realized by the well-known conformal inversion in CFT^. A scalar field (a 
scalar source from the point of view of the boundary theory) 4>o(x) of scale dimension a 
transforms under the inversion as Xj — ► x^/|x'| 2 as 4>o(x) — ► (j)' (x) = \x'\ 2a <po(x'). The 



construction (12) can be used to show that a bulk scalar of mass m 2 is related to boundary 
data 4>o(x) with scale dimension d — A. To see this one uses the equalities: 

d d x 



d d x 



\x'\ 2d 



Z ° \ I Z \ | f '|2A (14) 



and 4>' (x) = |f'| 2 ^~ A Vo(^')- We then find directly that: 

r(A) r . ( z 



7i-2r(A 



H -4TW=w T^=^ ] (15) 



The special case A = ^ corresponds to the lowest AdS mass allowed by unitarity, i.e. m = — 4-. In 

d 

this case <f>(zo, z) — > — z 2 lnzo <t>a(z) as zo — > and the Green's function which gives this asymptotic behavior 

is Kd(zo,z, x) = r ^ ^ z'^+^-x) 2 ) ~ " ^ e f° rmmas m the text assume the generic normalization (|l 
valid for A > | , obvious modifications are needed for A = | . 
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Thus conformal inversion of boundary data with scale dimension d — A produces the in- 
version isometry in AdSd+i- In the CFT^/ AdSd+i correspondence, 4>q(x) is viewed as 
the source for a scalar operator O(x) of the CFT^. From J d d xO(x)(j)o(x) one sees that 
0(x) — ► 0'(x) = \x'\ 2A 0(x') so that O(x) has scale dimension A. 

Let us first review the computation of the 2 -point correlator 0{x)0{y) for a CFT^ scalar 
operator of dimension A ||. We assume that the kinetic term (||) of the corresponding field 
4> of AdSd+i supergravity is multiplied by a constant r/ determined from the parent 10- 
dimensional theory. We have, accounting for the 2 Wick contractions: 

(0(x)0(y)} = -2 • \ [ d -^- (d^K A (z,x)z 2 d^K A (z,y) + m 2 K A (z,x)K A (z,y)) (16) 
z J z o 

We integrate by parts; the bulk term vanishes by the free equation of motion for K, and 
we get: 

(0(x)0(y)) = +r] lim f d d ze 1 ~ d K A {e, z,x 

r[A + 1] i 

\fr[A-f] \x-y\ 2A 

where (|l2|) has been used. We warn readers that considerations of Ward identities will 
suggest a modification of this result for A / d. One indication that the procedure above is 
delicate is that the d^Kd^K and m 2 KK integrals in (|l6| ) are separately divergent as e — > 0. 

We are now ready to apply conformal methods to simplify the integrals in AdS^+i which 
give 3-point scalar correlators in CFT^. We consider 3 scalar fields 4>i(z), I = 1,2, 3, in the 
supergravity theory with masses mj and interaction vertices of the form C\ = ^>i</>2</>3 and 
£-2 = (ftig^dnfodvfa. The corresponding 3-point amplitudes are: 

Ai(x,y,z) = - [ d W f™° K Al (w,x)K A2 (w,y)K A3 (w,z) (18) 

J Wn 



d 

—K A (z ,z,y) 
dz 



(17) 

z =e 



A 2 (x,y,z) = - I W d ^° K Al (w,x)d IM K A2 (w,y)wld^ 1 K As (w, z) (19) 

where K Al (w,x) is the Green function (|Tl|). These correlators are conformally covariant 
and are of the form required by conformal symmetry: 

Ai(x, y, z) = |^ _ ^| Al+A2 _ A3 |^_ -jA 2 +A 3 -Ai|£_ ^Ag+Ai-Aa ( 20 ) 
so the only issue is how to obtain the coefficients a%, a 2 - 

w' 

The basic idea of our method is to use the inversion = — & as a change of variables. 
In order to use the simple inversion property (|T|) of the propagator, we must also refer 
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boundary points to their inverses, e.g. Xi = —jfa. If this is done for a generic configuration 
of x, y, z, there is nothing to be gained because the same integral is obtained in the w' 
variable. However, if we use translation symmetry to place one boundary point at 0, say 
z = 0, it turns out that the denominator of the propagator attached to this point drops out 
of the integral, essentially because the inverted point is at oo, and the integral simplifies. 
Applied to A\ (x, y, 0) , using (|T^) , these steps immediately give: 

Ai&m = - J 2Al J 2A2 , r(A3) -77 / f^K Al (w',x')K A2 (w',y')(wX 3 (21) 

\x\ 1 \y\ 2 7T2r(A 3 -f) J i w o) 

The remaining integral has two denominators, and it is easily done by conventional Feynman 
parameter methods. We will encounter similar integrals below so we record the general form: 



oo 



**> / ^ ,2, r WTTT^ w = *l a > 6 ' c ' ^ ~ y\ 1+a+d - 2b - 2c (22) 

i z o + ( z - x ) I i z o + \ z - y) I 



d/2 pra , l]Y\h + c _d,_a_U 
T\„ hcd] ~ - [ 2 + 2i 1 l° + C 2 2 2\ (2 o\ 

l[a,b,c,d\ - 2 r[6]r[c] [26) 

r[i + f + f-6]r[i + f + f- c ] 



T[l +a + d-b-c] 
We thus find that A±(x, y, 0) has the spatial dependence: 

1 1 



|£|2Ai|j7|2A 2 |-p _ y/|(Ai+A 2 -A 3 ) \x\ A1+A3-A2 |^| A2+A3-A1 |£ _ £| (A1+A2-A3) 



(24) 



which agrees with (20) after the translation x — > (x — z), y — » (y — z). The coefficient ai is 
then: 



r[i(A x + a 2 - A 3 )]r[i(A 2 + a 3 - Ai)]r[^(A 3 + a x - a 2 )] i 
2rrfT[Ai - |]r[A 2 - f]r[A 3 - f] [ 2 



«i = - 2 „ iz.H^r ,7;:r L2 T — j r^(A 1+ A 2+ A 3 -d)] 

(25) 

We now turn to the integral A 2 (x, y, z) in (|19|). It is convenient to set z = 0. Since the 
structure d i]L K2w\d il K^ is an invariant contraction and the inversion of the bulk point a is 
diffeomorphism, we have, using (|i~4|): 

d^K 2 (w,y)w 2 d^K A3 (w,0) = \yf A2 d^K A2 (w\y')(w' )%K A3 (w',0) (26) 
„ g\U*±- ( W K =, ^ (27) 

^0 VK) 2 + K-y')V 5 ™o 



A 2 A 3 |yf A2 K) (A2+A3) ' 2( ^ )2 



(K) 2 + (W' - y') 2 ) A 2 ((^)2 + (yjl _ y /)2)A 2 + l 



(28) 



7 



where the normalization constants are temporarily omitted. We then find two integrals of 
the form I(a, b, c, d) with different parameters. The result is: 



a 2 = a% 



A 2 A 3 + - (d - Ai - A 2 - A 3 ) (A 2 + A 3 - Aj 



(29) 



As described by Witten (3|, massive AdS$ scalars are sources of various composite gauge- 
invariant scalar operators of the N = 4 SYM theory. The values of the 3-point correlators 
of these operators can be obtained by combining our amplitudes A\(x, y, z) and A 2 (x, y, z) 
weighted by appropriate couplings from the gauged supergravity Lagrangian. 

3 Flavor current correlators 
3.1 Review of field theory results 

We first review the conformal structure of the correlators {Jf{x)J b {y)) and {Jf{x)J b (y)J^{z)) 
and their non-renormalization theorems. 3 The situation is best understood in 4-dimensions, 
so we mostly limit our discussion to this physically relevant case. The needed information 
probably appears in many places, but we shall use the reference best known to us p9fl . 
Conserved currents Jf{x) have dimension d — 1, and transform under the inversion as 
Jf(x) — > (a/ 2 )^ -1 ) Jy {x') Jj(x'). The two-point function must take the inversion covariant, 
gauge-invariant form 

= b* W=Wz*LM^ (30) 

5 ab 1 



(27T)^ ^ ^\ X -yf{d-2) 

where B is a positive constant, the central charge of the J(x)J(y) OPE. 

In 4 dimensions the 3-point function has normal and abnormal parity parts which we 
denote by (J° - (x)Jj(y)Jj:(z))±. It is an old result |28| that the normal parity part is a 
superposition of two possible conformal tensors (extensively studied in J2^]), namely 

(J?(x)J b (y)J c k (z)) + = r bc (k 1 D^(x,y,z)+k 2 C^(x,y,z)), (31) 

where D^™(x,y,z) and C^jJ^(x, y, z) are permutation-odd tensor functions, obtained from 
the specific tensors 

= (x - wtz - v)h* - ^ ^4 log {x - y)2 i log vtr$) (32) 



In this subsection, x, y, z always indicate d-dimensional vectors in flat d-dimensional Euclidean space- 
time. 
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C ijk (x,y,z) = bg ( x - z) 2 — — log (y - z) 2 —log 



(x - y) 4 dxi dzi dyj dz t dz k \{y - z) 2 J 

by adding cyclic permutations 

^iJ/TO^y^) = D ijk (x,y,z) +D jki (y,z,x) + D kij (z,x,y) (33) 
^jfcV' V' z ) = C ijk( x , V, z ) + Cjkiiv, z, x) + C kij (z, x, y). 

Both symmetrized tensors are conserved for separated points (but the individual permu- 
tations are not); -^-D^^{x, y, z) has the local 5 4 {x — z) and 5 A (y — z) terms expected from 
the standard Ward identity relating 2- and 3-point correlators, while gf-C^J™ (x , y , z) = 
even locally. Thus the Ward identity implies k\ = j^s, while £?2 is an independent constant. 
The symmetrized tensors are characterized by relatively simple forms in the limit that one 
coordinate, say y, tends to infinity: 



D i]r( x >y>°) ^ ~6^i J ji(y) \^ik x i - 5u x k - - 2 x% *l x j ( 34 ) 
Ciik'fe' y> °) ~E~^ J ji(y) \$ik x i - $u x k - $ki x i + A XtXj 2 Xl 



In a superconformal-invariant theory with a fixed line parametrized by the gauge cou- 
pling, such as M = 4 SYM theory, the constant B is exactly determined by the free field 
content of the theory, i.e. 1-loop graphs. This is the non-renormalization theorem for fla- 
vor central charges proved in pqj . The argument is quite simple. The fixed point value of 
the central charge is equal to the external trace anomaly of the theory with source for the 
currents |23|, ^] . Global M = 1 supersymmetry relates the trace anomaly to the R-current 
anomaly, specifically to the U{1)rF 2 (F is for flavor) which is one-loop exact in a confor- 
mal theory. Its value depends on the r-charges and the flavour quantum numbers of the 
fermions of the theory, and it is independent of the couplings. For an N = 1 theory with 
chiral superfields 3> l with (anomaly-free) r-charges Ti in irreducible representations Ri of 
the gauge group, the fixed point value of the central charge was given in (2.28) of J24]] as 

B5 ab = 3^(dmxRi)(l - n)Tri(T a T b ). (35) 

i 

For J\f = 4 SYM we can restrict to the SU (3) subgroup of the full SU (4) flavour group that 
is manifest in an N = 1 description. There is a triplet of SU(N) adjoint & l with r = |. We 
thus obtain 

B = Z{N 2 -l) l - l -= l -(N 2 -l). (36) 
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We might now look forward to the AdS§ calculation with the expectation that the value 
found for k\ will be determined by the non-renormalization theorem, but hi will depend 
on the large N dynamics and differ from the free field value. Actual results will force us 
to revise this intuition. We now discuss the 1-loop contributions in the field theory and 
obtain the values of k\ and ki for later comparison with AdS$. 

Spinor and scalar 1-loop graphs were expressed as linear combinations of D sym and C sym 
in |29[j . For a single SU(3) triplet of left handed fermions and a single triplet of complex 
bosons one finds 

(J?(x)J b (y)r k (z))^ = --^(D^x^z) - ~C*]™(x,y,z)) (37) 



(J?(x)J b 3 (y)r k {z)) b ™ = -^_(D^(x,y,z) + -C^(x,y, z)) 
The sum of these, multiplied by N 2 — 1 is the total 1-loop result in the M = 4 theory: 

{J?(x)J b (y)J c k (z))^ = ^-^/^ (Dt^^y^) - ^(x, y, z)). (38) 

We observe the agreement with the value of B in (^) and the fact that the free field ratio 
of C sym and £> sym tensors is — |. 

Since the 5C/(4) flavor symmetry is chiral, the 3-point current correlator also has an 
abnormal parity part (JfJjJfy—. It is well-known that there is a unique conformal tensor- 
amplitude p^] in this section, which is a constant multiple of the fermion triangle amplitude, 
namely 

where the SU(N) f and d symbols are defined by Ti(T a T b T c ) = \{if abc + d abc ) with T a 
hermitian generators normalized as XrT a T b = ^5 ab . The coefficient is again "protected" by 
a non-renormalization theorem, namely the Adler-Bardeen theorem (which is independent 
of SUSY and conformal symmetry). After bose-symmetric regularization |2(| of the short 
distance singularity, one finds the anomaly 

r) /v 2 — 1 r) r) 

If we minimally couple the currents Ji{x) to background sources Af(x) by adding to the 
action a term / d A x J?(x)Af (x), this information can be presented as the operator equation: 

f) /V 2 — 1 1 

(DiJi(z)) a = —J?{z) + f abc A b (z) J? (z) = —^id^e^djiAld^ + -f cd *A b k A?A e m ) 

(41) 
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where the cubic term in Af is determined by the Wess-Zumino consistency conditions (see 
e.g. H). 

The CFT4/ AdSs correspondence can also be used to calculate the large N limit of corre- 
lators (Jf (x)O i (y)0 J (z)) and (J- l (x)Jj(y)0 I (z)) where O 1 is a gauge-invariant composite 
scalar operator of the J\f = 4 SYM theory. For example, one can take O 1 to be a k—th 
rank traceless symmetric tensor Tr X ai ■ ■ ■ X° k (the explicit subtraction of traces is not 
indicated) formed from the real scalars X a , a = 1,...,6, in the 6-dimensional representa- 
tion of SU(4) = SO(6), and there are other possibilities in the operator map discussed by 
Witten ||. We will compute the corresponding supergravity amplitudes in the next section, 
and we record here the tensor form required by conformal symmetry. 

For (J*O l O J ) there is a unique conformal tensor for every dimension d given by 



= -£(d-2) T 



1.1 



{Jt{z)0\x)0 J {y))=iSl J (z,x,y) (42) 

(x-z)i {y-z)i 



[x - z) 2 (y - z) 



(43) 



{X - y)2A-d+2 ( x _ z )d-2( y _ z y~2 
a 

where £ is a constant and T IJ are the Lie algebra generators. This correlator satisfies a 
Ward identity which relates it to the 2-point function (O 1 \x)O j \y)) ■ Specifically: 

<»,»,»> = (^^^'{A X -z)- S %-,)) ¥ ^ K (44) 

= S"{x - z) T IK (0 K (x)0 J (y)) + S d (y - z) T JK (0'(x)0 K (y)) 

There is also a unique tensor form for (JiJjO) (we suppress group theory labels) which 
is given in 



iff \ t / \/ r \f \\ AO I \ /-( 6 ~ A ) J ij( x ~ V) - AJ ik{x ~ z)J k j(z - y) 

{Ji^Jj^Oiz)) = CRij(x, y, z) = C (a ._ y)6 -A (a; _ z) A (j/ _ z) A ( 45 ) 

where £ is a constant. 

3.2 Calculations in AdS supergravity 

The boundary values Af (x) of the gauge potentials A a ^(x) of gauged supergravity are the 
sources for the conserved flavor currents Jf{x) of the boundary SCFT4. It is sufficient for 
our purposes to ignore non-renormalizable 4> n F 2 u interactions and represent the gauge sector 
of the supergravity by the Yang-Mills and Chern-Simons terms (the latter for d + 1 = 5) 



S d [A) = J d d zdz Vff +^{d abc e^Ald u A\d p Al + 



(46) 
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The coefficient 



g^pi, where k is an integer, is the correct normalization factor for the 5- 



dimensional Chern-Simons term ensuring that under a large gauge transformation the ac- 
tion changes by an unobservable phase 2-Kin (see e.g. ]3(|). The couplings gsc an d k could 
in principle be determined from dimensional reduction of the parent 10 dimensional theory, 
but we shall ignore this here. Instead, they will be fixed in terms of current correlators 
of the boundary theory which are exactly known because they satisfy non-renormalization 
theorems. 

To obtain flavor-current correlators in the boundary CFT from AdS supergravity, we 
need a Green's function G^z^x) to construct the gauge potential A a ^{z) in the bulk from 
its boundary values Af(x). We will work in d dimensions. There is the gauge freedom to 
redefine G^i{z,x) —>■ G^i(z,x) + ^-Ai(z, x) which leaves boundary amplitudes obtained 
invariant. Our method requires a conformal-covariant propagator, 



from the action 
namely 



Gai\Z, x) 



c° 



c a 



[4 + 



d-2 



(47) 



(48) 



,{z — x) 2 , 

which satisfies the gauge field equations of motion in the bulk variable z. The normalization 
constant C is determined by requiring that as zq — > 0, Gji(z, x ) — > 1 ■ SjiS(x): 

, d _ r(d) 



27rlr(|) 



a 



G. 



This Green's function does not satisfy boundary transversality (i.e. Q^.^fti 
the following gauge-related propagator doesQ 

d 



(49) 

[z, x) = 0), but 



ridjl—d 
u Z Q 







dzp 1 (d-2){d-\\Y\%\fdz 



-F 



d 



i, d - 

' 2 



l d - 

'2' 



~-x) 2 



(50) 

(Both Gfj_i(z, x) and G^i(z, x) differ by gauge terms from the Green's function used by Wit- 
ten H). The gauge equivalence of inversion-covariant and transverse propagators ensures 
that the method produces boundary current correlators which are conserved. 

Notice that in terms of the conformal tensors J^i the abelian field strength made from 
the Green's function takes a remarkably simple form: 



z d-3 

d^G u]i {z,x) = {d - 2)C d ^ + °_ x J 0[li (z - x)J v]i {z - x) 



(51) 



4 For even d, the hypergeometric function in (fe 

c .i 7 ?\ - r (7 t\ + 9 { c ' d 9 ( 2 ^+( ? - g ) 2 



J) is actually a rational function. For instance for d = 4, 
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as easily checked by using for G^i the representation (| 



We stress again that the inversion = z'^/(z') 2 is a coordinate transformation which 
is an isometry of AdSd+i- It acts as a diffeomorphism on the internal indices fi,u,... of 

GuijGujj Since these indices are covariantly contracted at an internal point z, much 

of the algebra required to change integration variables can be avoided. The inversion x = 
x'/(x') 2 of boundary points is a conformal isometry which acts on the external index i 
and also changes the Green's function by a conformal factor. Thus the change of variables 
amounts to the replacement: 

Gfli (z,x) = z'^J^z') ■ (x'fj ki (af) ■ (x') 2(d - 2) C d j^^f^u i ^ 

[(z' ) 2 + (z' - x') 2 \ d - L 

(JZ^ UXi 

_ dz u dx k , , 

~ dT/dx~' Gvk{z ' x) 

d^G^ilz, x) will also transform conformal-covariantly under inversion (compare equ.(^)): 

d^G u]i (x, z) = (z'fj^z') ■ (z') 2 J ua (z') ■ (xfj kt (x') ■ (xf^d[ p G a]k (x', z') (53) 

as one can directly check from ([5l]) using the identity (|6|). 

(JfJj 1 ): To obtain the current-current correlator we follow the same procedure [|| as 
for the scalar 2-point function, eq.([T(3}-17): 

TO 1 £\ TO I „-f\\ XOb r) 

1 f d d zdzQ 4 



(J?{x>)Jl{y)) = -5 ab 2 • \ d^G^z, x) zl d^G v]j (z, y) 

5 ab f r 
= +7T^ U ™ / & z e3 ~ d 2G »i(^ x) d [0 G v]j (zo, z, y) 



9 2 SG \x-y\ 2 ^ 



z =e 

b C d (d-2) J l3 {x-y) 

J2 7^ .-i\9.(d-^ 



which is of the form ( |30| ) with B = -j— 2 ^fif ■ According to the conjecture p], 0, [§, 
d54| ) represents the large-iV value of the 2-point function for gyj^N fixed but large. Let 
us now consider the case d = 4. By the non-renormalization theorem proven in the 
coefficient in ( |30| ) is protected against quantum corrections. Hence, at leading order in N, 
the strong-coupling result (|54|) has to match the 1-loop computation (^). We thus learn: 

5 = % (55) 
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(JfJ- , J^)+: The vertex relevant to the computation of the normal parity part of < 



Jf (x) Jj (y) J k (z) > comes from the Yang-Mills term of the action 



namely 



1 



d d wdw fabc 



w, 



^ if abc d^A a u] (w) wt A^(w)Al(w) 



We then have 



■ fabc 



(56) 



(57) 



if 



SG 
abc 



2 [F ijk (x, y,z) + F jki (y, z, x) + F kij (z, x, ; 



where 



Fa 



ijk Vi % ) 



(58) 



(The extra factor of 2 in (|57| ) correctly accounts for the 3! Wick contractions). To apply the 
method of inversion, it is convenient to set x = 0. Then, changing integration variable = 



and inverting the external points, yi 



(using ©,©,©): 

F ijk (0,y,z) = 

= \yf^\zf^J jl (y')J km (z') 



\y'\ 2 



\z'\ 



2 > 



we achieve the simplification 



dLG v]i (w',0) (w' Q ) 4 G^w,y>)G um (w f ,z>) 



d d w'dw\ 
( w ' )d+i <V 

d^3 J jl(v) Jkm(z) f d d w'dw' 



(59) 



(C 



|^2(d-l) |^|2(d-l) J (to^)d+l 
«) d ~ 2 



(y,/ _ y')2(d-2) (y _ z /)2(d-2) 



^K) d ~ 2 ^K)K) 4 

J,jt(w,y')J um (w',z' 



(60) 



£|2(d-l) |^|2(d-l) 



d d w'dw'n 



(d-2)(w' ) 2d -*J l[0 (w>-e)J i]m (w f ) 



[(w' ) 2 + (u>' - i) 2 ] d - x [K) 2 + (w') 2 ] d ~ 1 
where in the last step we have defined t = y' — z' . Observe that in going from dBlf ) to 
(|59| ) we just had to replace the original variables with primed ones and pick conformal 
Jacobians for the external (Latin) indices: the internal Jacobians nicely collapsed with each 
other (recall the contraction rule ([?]) for J M j tensors) and with the factors of w' coming 
from the inverse metric. The integrals in (^0|) now have two denominators and through 
straightforward manipulations can be rewritten as derivatives with respect to the external 
coordinate t of standard integrals of the form (^). We thus obtain: 

Fij k (x,y,z) 



Jjl(ff-X) Jkm(z-x)^ cd ^^d+2^_ 2d 



f |2(<i-l) |£_£|2(d-l) 



d-l 



d+l 
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1 

w 



SimU + {d- l)5ut m + (d - l)5 im ti - d 



where we have restored the x dependence, so that now t = (y 



(61) 



We now 



add permutations to obtain F^j^{x,y,z) in (|57|). The final step is to express F?J™ as a 
linear combination of the conformal tensors -D^J™ and C^J™ of Section 3.1. It is simplest, 
and by conformal invariance not less general, to work in the special configuration z = and 
\y\ — > oo. After careful algebra we obtain 



*l]k^M -> °°' ) 



{C d f^2 2 ~ 2d {2d-3) 

J Ay) 



d-2 



|^2(d-l)|£|d 

Now take d = 4; comparison with (^) gives 



d-1 



d+l 



(62) 



d 



XiXjXl 



2d -3 



i 



7T J 



and finally, from (|7]) and (|55|): 

(Jf(x)4(y)J fe c (i*)) + 



cabc 



:jk 



AT 2 / abc 



(63) 



(64) 



327T 6 



which, at leading order in N, precisely agrees with the 1-loop result (£ 

The correlator (|64]) calculated from AdS§ supergravity is supposed to reflect the strong- 
coupling dynamics of the N = 4 SYM theory at large N . The exact agreement found with 
the free-field result therefore requires some comment. As discussed in Section 3.1, the coef- 
ficient of the D tensor is fixed by the Ward identity that relates it to the constant B in the 
2-point function, and we matched the latter to the 1-loop result by a non-renormalization 
theorem. So agreement here is just a check that we have done the integral correctly. How- 
ever, the fact that the ratio of the C and D tensors coefficients also agrees with the free 
field value was initially a surprise. Upon further thought, we see that our argument that the 
value of £?2 was a free parameter used only J\f = conformal symmetry, and superconformal 
symmetry may impose some constraint. Indeed, in an J\f = 1 description of the M = 4 SYM 
theory, we have the flavor SU{3) triplet of (SU(N) adjoint) chiral superfields, together 
with their adjoints $\ The SU(3) flavor currents are the 06 components of composite 
scalar superfields K a (x,6,6) = Tr$T a $, where T a is a fundamental SU{3) matrix. Just as 
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N = conformal invariance constrains the tensor form of 2- and 3-point correlators, N = 1 
superconformal symmetry will constrain the superfield correlators (K a K b ) and (K a K b K c ). 



We are not aware of a specific analysis, but it seems likely [31] that there are only two 
possible superconformal amplitudes for (K a K b K c ) , one proportional to f abc and the other 
to d abc . The f abc amplitude contains the normal parity (J^JjJ^)^ in its ^-expansion, and 
this would imply that the ratio — | of the coefficients of the C and D tensors must hold in 
any M = 1 superconformal theory. 

(Jf Jj'J^.)- Witten H has sketched an elegant argument that allows to read the value of 
the abnormal parity part of the 3-current correlator directly from the supergravity action 
(|46|), with no integral to compute. Under an infinitesimal gauge transformation of the bulk 
gauge potentials, Sf^At = (D^A) a , the variation of the the action is purely a boundary term 
coming from the Chern-Simons 5-form: 

6 A S cl = J d A zk a {z) (^-^y^ kl dM b 3 dkAf + ^f cde A b A d k Af) (65) 

By the conjecture |2], |3|, S c i[A®(z)] = W[Af(z)], the generating functional for current 
correlators in the boundary theory. Since by construction Jf{x) = , one has: 

6 A S d [A«(z)) = S A W[A%{2)\ = J d 4 z[D i A(z)] a Jn^) =- j d i zk a {z)[D l J i {x)] a (66) 
and comparison with (pB]) gives 



( D iJiW) a = -^d^e^d^Ald^ + X -f^A)A d k A\) (67) 

which has precisely the structure (fll]). Thus the CFT4/ AdS§ correspondence gives a very 
concrete physical realization of the well-known mathematical relation between the gauge 
anomaly in d dimensions and the gauge variation of a {d + l)-dimensional Chern-Simons 
form. Witten || has argued that ( pTj ) is an exact statement even at finite N (string-loop 
effects) and for finite 't Hooft coupling gy^^ (string corrections to the classical supergravity 
action), which is of course what one expects from the Adler-Bardeen theorem. Matching 
( |67| ) with the 1-loop result ( |4l| ) we are thus led to identify k = N 2 — 1. 

(Jf JfO): The next 3-point correlator to be discussed is (Jf (x) J b (y)0 (z)) . For this 
purpose we suppress group indices and consider a supergravity interaction of the form 

\ J d d wdw 9^g ua 4> dfrK\ d[ p A„] (68) 



This leads to the boundary amplitude 

1 

2 



w. 
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We set y = 0, apply the method of inversion and obtain the integral 

W m - (cy w 'iliffig? po) 

vr2r[A - 1] |£r A |zp d ij 

jd..jj.j ( w 'o \ A 9 ( w 'o Y 2 d (w'-x% 



d a w'dw' 



, («/ - i*') 2 / dw [o \ {W - z') 2 J dw' j} (w> - x') 



<\2 



This can be evaluated as a fairly standard Feynman integral with two denominators. The 
result is 

Tij(x, y,z) = - jj V, z) ( 71 ) 

where Rij is the conformal tensor fl42]). 

(JfO 1 ©- 1 ): It is useful to study the correlator (J^ (z)O t (x)O j (y)) from the AdS" view- 



point because the Ward identity (44) which relates it to {0{yY O j (z)) is a further check 
on the CFT /AdS conjecture. We assume that C 7 (x) is a scalar composite operator, in 

a 

a real representation of the SO (6) flavor group with generators T IJ which are imaginary 
antisymmetric matrices, and that O (x) corresponds to a real scalar field 4> (x) in AdS§ 
supergravity. Actually we will present an AdSd+i calculation based on a gauge-invariant 
extension of (||), namely 

S[tf,Al\ = ~ J dtzdzoy/g^D^D^ 1 + m=W] (72) 

D^ 1 = d^ 1 -iA a ^T IJ cf> J 

The cubic vertex then leads to the AdS integral representation of the gauge theory correlator 

(J?{z)0\x)0 J {y)) =T IJ J ^^G^w^wlK A {w,x)^K^w^ (73) 

The integral is easily done by setting z = and applying inversion. We have also shown 
that y = followed by inversion gives the same final result, which is 

a 

{J?{z)0\x)0 J {y)) = ?J^" -£j I ^^K A {w',x')K A (w',y') (74) 



l^l 2A |y| 2A d x 'i J w 'o 

= -HS IJ (z,x,y) 

(A-f)r[f]r[A] 
Tr d (d - 2)r[A - f ] 

a 

where S IJ (z,x,y) is the conformal amplitude of (^). Comparing with (^) and (|l7|), we 
see that the expected Ward identity is not satisfied; there is a mismatch by a factor 2A T d . 
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Although we have checked the integral thoroughly, this is an important point, so we now 
give a heuristic argument that the answer is correct. We compute the divergence of the 
correlator ( |73| ) using the following identity inside the integral: 

d 



dz, 



i" 



[w,z) 



dw. 



KAw,z) 



(75) 



where K^iw,z) is the Green's function of a massless scalar, i.e. A = d. If we integrate by 
parts, the bulk term vanishes and we find 



— (J? (^O 1 (x)O j {y)) = lim f d d we l - d K d {e,w,z) 

OZi e-»0 J 

r[A] 



d 

K A (w,x)- — K A (w,y) 



dwo 



(76) 



wo=e 



7T2r[A 



2A lim 



d d w5{w - z) 



2A-d+2 




(x <-> y) 



where we used the property lim WQ _>o 
that 



(w - y)2( A +!) (w - x) 2A 
- z) (see (HD). It also follows from 



J w =e 

(77) 



lim 



2A-d+2 




wq^O ( w - y) 2 ( A +!) 



vrlr[A-f + 1] 

r[A + 1] 



This gives 




dzi 



{J?(z)0 1 {x)0 J (y))=t 



W"*T" (5 d (x- 



r[|] 



5 d (^ - y) 



S d (y 



x ■ 



•I2A 



(78) 



(79) 



which is consistent with (|74] ) and confirms the previously found mismatch between {JfO I J ) 
and ^O 1 ). 

Thus the observed phenomenon is that the Ward identity relating the correlators (J- 1 O i O j ) 
and {O i O j ), as calculated from AdSd+i supergravity, is satisfied for operators O 1 of scale 
dimension A = d, for which the corresponding AdSd+i scalar is massless, but fails for A/d. 

We suggest the following interpretation of the problem, namely that the prescription of 
is correct for n-point correlators in the boundary CFT^ for n > 3, but 2-point correlators 
are more singular, so a more careful procedure is required. The fact that the kinetic and 
mass term integrals in (|l6|) are each divergent has already been noted. In the Appendix we 
outline an alternate calculation of 2-point functions, very similar to that of Q, in which 
we Fourier transform in x and write a solution 4>(zo, k) of the massive scalar field equation 
which satisfies a Dirichlet boundary- value problem at a small finite value z Q = e, compute 
the 2-point correlator at this value and then scale to e = 0. This procedure gives a value of 
{0 1 J ) which is exactly a factor 2A A ~ d times that of (|l7|) and thus agrees with the Ward 
identity. 
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Appendix 

For scalars with dimension A = d the correlation functions achieve constant limiting values 
as we approach the boundary of AdS space. If A ^ d then the correlation function goes to 
zero or infinity as we go towards the boundary, and must be defined with an appropriate 
scaling. In this case an interesting subtlety is seen to arise in the order in which we take 
the limits to define various quantities, and we discuss this issue below. 

Let us discuss the 2-point function for scalars. We take the metric @ on the AdS 
space, and put the boundary at zq = e with e << 1; at the end of the calculation we take e 
to zero. We also Fourier transform the variables x, and follow the discussion of Q. 

The wave equation in Fourier space for scalars with mass m is 

4 +1 ^o d+1 ^H^o, k)\ - (k 2 z 2 + m 2 )4>(z , k) = (80) 

OZq OZq 

where we have written 

<f>(za,Z) = J dk ^ s cj>(z ,k) (81) 

The solution to this equation is 

<f>(z ,k) = zlF u [tkz ] (82) 



where F v is a solution of the Bessel equation with index 



A- I = [^+mY /2 (83) 



The action in terms of Fourier components is 
S = \ J dz dkdk'5{k + 



£rA z o, k)I-H^, k') + (k 2 + =£M*b, k)<f>(z , k')\ 



(84) 
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We have to evaluate this action on a solution of the equation of motion with <fi(e, k) = 
4>b(k) given. An integration by parts gives 

S = - [ dkdk'5{k + k') lim z d+1 [<p(z , k)d zo (f>(z , k')} (85) 

If we have a solution to the wave equation K € (zq, k) such that 

lim K e (z ,k) = 1, lim K(z ,k) = (86) 

Z0— ►£ 20— >00 

then we can write the desired solution to the wave equation as 

<j>{zo,k) = K{ Z Q,k)4> b {k) (87) 
Then the 2-point function in Fourier space will be given by 

(O(k)O(k')) = -e- d+1 5(k + k') lim d Z0 K € {z ,k) (88) 

We have 

where K, is the modified Bessel function which vanishes as zq — > oo. For small argument IC U 
has the expansion 

K v {kzo) = 2^ 1 r(z,)(^ )-"[l + ...] - 2-»- l T{l ~ V \ kzv) u [l + ...] (90) 

where the terms represented by '. . .' are positive integer powers of (kzo) 2 . Then ( |8"8| ) gives 
(O(k)O(k')) = 

. , {kz )-» + i + ...-2- 2v ^±{kz Q y + i + ... 
_ e -^ 5 (k + k') Um^ek)-^— 



(ke)-» + ...-2-^^0 j (key + 



(91) 

Here in the last line we have written only those terms that correspond to the power law 
behavior of the correlator in position space, and further only the largest such terms in the 
limit e — ► have been kept. In particular we have dropped terms that are integer powers in 
k 2 , even though some of these terms are multiplied by a smaller power of e than the term 
that we have kept. The reason for dropping these terms is that they give delta-function 
contact terms in the correlator after transforming to position space, and we are interested 
here in the correlation function for separated points. 
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The result (91) is the Fourier transform of the function 



J_ 2( A-d) (2A - d) r(A + l) | -j _ 7 ->|-2A 

ir d / 2 A r(A - 1 



r— ^ ; : t~\X - y\~^ (92) 

2^ 



which should therefore be the correctly normalized 2-point function on the boundary zq = e. 
It also agrees with the correctly normalized 2-point function required by the Ward identity 
(|44|). The power of e indicates the rate of growth of this correlation function as the boundary 
of AdS space is moved to infinity, and we can define for convenience a scaled correlator that 
is the same as above but without this power of e. The correlation functions given in the 
rest of this paper are in fact written after such a rescaling. 

We would however have obtained a different result had we taken the limits in the fol- 



lowing way. We first take e — > in the propagator (39), obtaining 



' Z 0^d/2 1 

0) = \ 

Using (1931) in (j88|) we get 



(O(t)O(A?)) = -c-^-VSik + k')^- 2 ^ — + + ... (M) 

r(i ~\~ V) 2 

which differs from (91) by a factor 

2^ < 95 > 
The difference between ([91]) and (94) can be traced to the fact that the terms in K 6 (zq) 
which are subleading in e when zq is order unity, give a contribution that is not subleading 
when zq — * e, which is the limit that we actually require when computing the 2-point 
function. 
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